
Math for Elementary School Teachers 
Professor Abdul-Quader 

Note from Athar: This is a set of partial notes and exercises whose aim is to organize the 
material we have seen so far, and to provide an idea for the type of questions and level of 
difficulty that is to be expected on exams. At times, I will leave some things blank, in which case 
I want you to fill in the definition or the result. 

Set Theory 
Outline: 

- Sets and Venn Diagrams 
- Relationships between sets 
- Functions and 1 to 1 correspondences 
- Operations on sets 

 
A set (represented by a capital letter, A, B, or C) is a collection of objects called elements. We 
describe a set often by listing its elements: the set containing only the numbers 1, 2, and 3 is 
denoted {1, 2, 3}. If x is an element of a set A, we write . If x is not an element of the set x ∈ A  

A, then we write . The set with no elements is called the empty set, written { } or . 
 
Subsets: 
 
Suppose A and B are sets. If every element of A is an element of B, we say A is a subset of B, 
and write . If and , then . That is, two sets are equal if _________ A ⊆ B  A ⊆ B  B ⊆ A  BA =   
___________________________. 
 
Exercise 1: Give examples of sets A and B where but B is not a subset of A. Draw a A ⊆ B  
Venn Diagram for this scenario. 
 
Disjoint sets: 
 
If A and B are sets and share no elements together, then A and B are called disjoint. 
 
Exercise 2: Draw a Venn Diagram illustrating two disjoint sets.  
 
Functions: 
 



If A and B are sets, then a function  is a set F of ordered pairs of the form (x, y) with A f :  → B  
and , such that whenever and , then . That is, it’s a x ∈ A  y ∈ B x, y )(  1 ∈ F x, y ) (  2 ∈ F y1 = y2  

set of ordered pairs where every element of A (the domain) is paired with a unique element of B 
(the codomain or range). If , we write .x, y) (  ∈ F (x) yf =   
 
Exercise 3: Is the set { (0, 0), (0, 1), (1, 0) } a function? Why or why not? 
 
Exercise 4: Let A = {1, 2}. B = {0, 1, 2, 3}, and F = {(1, 0), (2, 0)} define the function .f : A → B  
What are  and ?(1)f (2)f  
 
Exercise 5: Let A = {1, 2} and B = {0, 1}. Write down a function . As a bonus: can A f :  → B  
you show that there are 4 different functions with domain A and codomain B? 
 
The following definitions were not covered in class, but they complement material given in class 
so I will provide them here. These definitions will not be tested, but may help your 
understanding of the material. 
 
A function  is called injective if whenever , then .  is called A f :  → B =x1 / x2 (x ) = (x )f 1 / f 2 f  
surjective if for each  there is  such that . f is called a bijection if it is b ∈ B  a ∈ A (a) bf =   
both injective and surjective. 
 
In class, we defined a one to one correspondence to be a function  such that, for A f :  → B  
each , there is a unique  such that .b∈ B a∈ A (a)f = b   
 
Aside: One can show that bijections and one to one correspondences are the same. If a 
function is a bijection, we can ensure, by surjectivity, that for each b, we can find an a. By 
injectivity, we can ensure that that a we find is unique. Combining these, we get that bijections 
are one to one correspondences. 
 
Example: Let A = { 0, 1, 2, 3 } and B = { red, green, blue, orange }. We define a function f by 
listing out its values:  
 
f: 

0 green 

1 red 

2 orang
e 

3 blue 

  



That is, f(0) = green, f(1) = red, f(2) = orange and f(3) = blue. The function above is a one to one 
correspondence between the sets A and B. 
 
Exercise 6: Find another 1 to 1 correspondence between these two sets. 
Exercise 7: (Bonus) If you did the bonus part of exercise 5, you found 4 functions between the 
sets A and B in that exercise. How many of those 4 are one to one correspondences? 
 
Two sets are said to have the same cardinality if there is a 
_____________________________ between them. For finite sets, this just means that we can 
count both sets, and they both have the same number of elements. But for infinite sets, this 
generalizes the notion of counting. If two sets have the same cardinality, we write |A| = |B|. 
 
Example: The set ℕ = {0, 1, 2, 3, … } is the set of all natural numbers. The set E = {0, 2, 4, 6, 8, 
… } is the set of all even natural numbers. There is a one to one correspondence between these 
two sets, given by .(n) nf = 2  
 
Exercise 8: (Bonus): Prove that this function is a bijection / one to one correspondence. 
 
Operations on sets: 
 
Given sets A and B, the set is the set of all  such that or (or x is an elementA ⋃ B x x∈ A x∈ B  
of both A and B). This is called the union of A and B. 
 
The intersection of A and B, denoted , is the set of all  such that and .A ⋂ B x x∈ A x∈ B  
 
Example: If A = { 0, 1, 2, 3, 4 } and B = {1, 2, 3, 4, 5, 6}, then = {0, 1, 2, 3, 4, 5, 6} andA ⋃ B  

= {1, 2, 3, 4}.A ⋂ B  
 
Exercise 9: In the above example, we had |A| = 5, |B| = 6, | | = 7 and | | = 4. FindA ⋃ B A ⋂ B  
examples of sets A and B with |A| = 5, |B| = 6, and | | = 10. In this case, what is | |?A ⋃ B A ⋂ B  
 
Exercise 10: Is it possible to find sets A and B such that |A| = 5, |B| = 6, and | | = 12? WhyA ⋃ B  
or why not? 
 
If two sets are disjoint, then ___. If , then __. If , then . A ⋂ B = A⊆ B A ⋂ B = A⊆ B A ⋂ B′ =  
 
Often in a problem, we have a background universal set (sometimes called the “universe” or 
the “domain of discourse”). If our universal set is denoted U, and A is a subset of U, then the 
complement of A, denoted A’, is the set of all elements of U that are not elements of A. 
 
Exercise 11: If U = { 1, 2, 3, 4, 5 }, A = { 0, 1} and B = {1, 3, 5}, find the following: 



(a) A ⋃ B  
(b) A ⋂ B  
(c) A′⋃ B  
(d) A′⋂ B  
(e) A ⋂ B′  
(f) A ⋃ B′  
(g) A′⋂ B′  
(h) A′⋃ B′  

 
Exercise 12: 

(a) Let A = {1, 2, 3}. What is ? What is ? A ⋂  A ⋃  
(b) Draw a Venn Diagram in which , and . In this scenario, what is ? A ⊆ B  B ⊆ C ′  A ⋂ C  

(c) Draw a Venn Diagram in which = ,  and . A ⋂ B  A ⊆ C ′  B ⊆ C ′  
 
In class, we also discussed the power set operation. I will not test you on this so I am not 
providing notes on it. 

Logic 
Outline: 

- Truth and Validity 
- Propositional Variables 
- Valid Logical rules of inference 
- Conditional Statements, converses, inverses and contrapositives 
- Invalid Argument Forms / Fallacies 

 
Logic is the branch of mathematics dealing with using valid reasoning to form conclusions from 
a given set of premises. A statement is a sentence with a definite truth value (true or false). 
Examples: 2 + 2 = 8 is a statement (it is false). 2 + x = 10 is not a statement, as it is true when x 
= 8, and false otherwise. “I think 2 is a great number” is not a statement.  
 
The validity of a logical argument depends solely on the structure of the argument (not on the 
particular statements). We use propositional variables (usually p, q, r) to represent statements 
in order to see the structure of the argument. Propositional variables represent statements, but 
really they represent the truth values (true or false) of those statements. A logical inference is 
valid if, whenever the premises are ____, the conclusion must also be ____. 
 
In class, we went over some (not all) valid logical rules of inference, which can be used to show 
that an argument (or a particular inference within an argument) is valid. 
 
Modus ponens / Law of Detachment 



 
This argument takes the following form: 
 
Premises: 

1. p → q (“If p, then q” or “p implies q”) 
2. p 

 
Conclusion: q 
 
Modus Tollens / Law of Contraposition 
 
Premises: 

1. p → q 
2. Not q 

 
Conclusion: Not p 
 
Law of Double Negation 
 
Premise: 

1. Not (Not p) 
 
Conclusion: p 
 
Law of Disjunctive Syllogism 
 
Premises: 

1.  p ⋁ q  
2. Not p 

 
Conclusion: Not q 
 
Exercise 13: Determine if the following argument is valid. “If it rains, then I will not play tennis. 
Either it will rain or it will be sunny. It will not be sunny. If I am not going to study, then I will play 
tennis. Therefore I will study.” 
 
Conditional Statements: 
 
A conditional statement is a compound statement of the form “If (statement), then (statement).” 
The statement following the “if” part is called the antecedent or the hypothesis. The statement 
following the “then” part is called the consequent or conclusion. A conditional statement is 
said to be true if whenever the antecedent is true, the consequent is also true. This can often be 



confusing for students: one should think of a statement of the form “p → q” as saying “Either p is 
false, or q must be true (or both).” 
 
Some statements that are not in this form can be converted to this “If-then” form. For example: 
“All doctors must have graduated from medical school” can be converted to the form: “If a 
person is a doctor, then he or she must have graduated from medical school.” 
 
We can use Venn Diagrams to study conditional statements. In the statement “All doctors must 
have graduated from medical school,” we can let A represent the set of all doctors, and B 
represent the set of all people who have graduated from medical school, and then in our Venn 
Diagram we can illustrate the relationship that .A⊆ B  
 
Exercise 14: Draw a Venn Diagram illustrating the statements: “All employees of company X 
are shareholders of company X. Some shareholders of company X also are members of the 
board of trustees of the company.” In this scenario, are all employees also necessarily members 
of the board of trustees of the company? Is it possible that no employees are members of the 
board of trustees of the company? 
 
If a statement is of the form “p → q”, then the converse of the statement is of the form “q → p” 
(switch the antecedent and consequent around). The inverse of the statement is of the form 
“not p → not q”. The contrapositive is of the form “not q → not q”. Of these, only the 
_________________ has the same truth value as the original statement. 
 
Exercise 15: Write the converse, inverse, and contrapositive of the statement: “If I am going to 
Manhattan, then I need to buy a MetroCard.” See if you can find scenarios where the original 
statement is true but the converse is false or vice versa. 
 
Exercise 16: Draw a Venn Diagram for the previous exercise, illustrating the relationship 
between the set of times when you go to Manhattan (A), and the set of times when you need to 
buy a MetroCard (B). In this scenario, is ? Is ? Is ?A⊆ B A′ ⊆ B′ B′ ⊆ A′  
 
Exercise 17: (Bonus): Use the definitions of the word “subset” and of the complement of a set 
to show that, in general, if  then .A⊆ B B′ ⊆ A′  
 
If a conditional statement and its converse are both true at the same time, then the statement is 
called a “biconditional” and is written . We read this “p if and only if q”. Sometimes this isp ↔ q  
written “p iff q”. Example: x + 2 = 4 if and only if x = 2. Non-example: If x > 10, then x > 6. This 
is a ____ (true / false) statement, whose converse is _____ (true / false). 
 
Logical Fallacies 
 
In class we covered the following fallacies: 



1. Affirming the consequent. This is when, given “p → q” and “q”, we try to conclude “p”. 
An example illustrating why this is a fallacy: If a shape is a square, then it is a rectangle. 

 This is a rectangle. However, we cannot conclude that that shape 
is also a square. 

2. Denying the antecedent. This is when, given p → q and “not p”, we try to conclude “not 
q.” That is, assuming that p is false, we try to conclude that q is also false. The above 
example works for this case as well: it is a shape that is not a square, but we cannot 
conclude that it is also not a rectangle.  

3. Appeal to authority: This is a rhetorical fallacy which occurs when, rather than 
providing evidence to back your claim, you cite others who believe the claim as well. 
Example: “My teacher said that in a right triangle with legs of length a and b, and 
hypotenuse c, will be true.” In this example, the conclusion is true, but it’s nota2 + b2 = c2  
true because the teacher said so, it’s true because we can prove this geometrically. 

4. Argument ad hominem: This fallacy occurs when, instead of rebutting another’s 
argument, one insults or attacks the person putting forth that argument. 

5. Association fallacy: This fallacy is of the form: “A is a B. A is also a C. Therefore all B’s 
are C’s.” 

 
Exercise 18: Find examples of the ad hominem and association fallacies. 
 
Exercise 19: The fallacies 1 and 2 apply only to conditional  statements, and not necessarily to 
biconditionals . Suppose a biconditional  is true.p ↔ q   

(a) If we are also given q as a premise, can we conclude p? 
(b) If we are given “not p” as a premise, can we conclude “not q”? 


